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Summary. Based on experimental observations, nanocrystalline materials are modeled as composite sys-
tems in which the amorphous interfacial phase is treated as the matrix, whereas the nano-scale single
crystals are modeled as inclusions. Generally speaking, the elastic moduli of nanoscale crystals are higher
than those of the amorphous matrix phase, and the deformation mechanism of nanocrystalline materials
depends heavily on the size of the crystals. For conventional macro size crystal materials, such as coarse-
grained polycrystalline materials, the deformation mechanism due to dislocation movement is dominant.
When the crystal size is reduced to a certain critical value, plastic deformation is caused by shear banding
in the amorphous matrix. In order to model such a deformation mechanism in nanocrystalline materials,
constitutive equations are established based on internal variable theory. The proposed model reveals the
relation between the yield strength and the grain size of the material.

1 Introduction

Nanostructured materials have a microstructure whose characteristic length scale is on the
order of a few nanometers. Those materials consist of nanometer-sized crystallites with dif-
ferent crystallographic orientations and/or chemical compositions. The properties of nano-
crystalline materials deviate from those of single crystals or coarse-grained polycrystals. This
deviation results from the reduced size of the crystallites as well as from the numerous interfaces
between adjacent crystallites. Nanostructured materials have been the subject of intensive study
in the last decade [1]. Significant progress has been made in their processing and in the
understanding of their fundamental properties. In this investigation, we focus our attention on
developing a three-dimensional nonlinear constitutive equation for the deformation of nano-
crystalline metals. On the one hand, the microstructural constitutive equation can provide a
quantitative relation between material response and microstructural parameters, such as grain
size. On the other hand, it can be adapted into a FEM code when one needs to carry out
analysis on structures involving nanocrystalline materials.

Nanocrystalline materials have grain-size dependent mechanical properties which are sig-
nificantly different to those of their coarser-grained counterparts. For example, nanophase
metals are much stronger and apparently less ductile than conventional metals. Also nanophase
ceramics are more ductile and more easily formed than conventional ceramics [2]. In addition,
other structural features, such as pores, grain boundary junctions, and other crystal lattice
defects that depend upon the fabrication and processing procedures, also play a significant role
in the mechanical behavior of the materials. Therefore all the aforesaid structural aspects of
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nanophase materials must be considered in order to fully understand the mechanical behavior of
these new materials. Extensive experimental observations have shown that nanocrystalline
materials can be considered as composite systems consisting of essentially equiaxed grains and
amorphous interfacial phase [3]. Owing to their ultrafine grain size, nanophase materials have a
significant fraction of their atoms in grain boundaries. For an average grain diameter ranging
between 5 and 10 nm, the percentage of the atoms in the interfacial phase can reach up to 50%,
consequently the interfaces play a significant role in affecting the mechanical properties of
nanophase materials. The boundary phase can be treated as an amorphous material and shows a
lower elastic modulus and higher yield strength than the crystalline phase. It is well-known that
the dominant plastic deformation mechanism for conventional coarse-grained metal is dislo-
cation motion. For some nanocrystalline metals with a relatively large grain size, a dislocation-
dominated plastic deformation mechanism was demonstrated by both atomic-scale computer
simulations [4] and experimental observations [5]. When the grain sizes become smaller, the
dislocation pile-ups cannot be supported [6]. In such a case, the dominant plastic deformation
mechanism is due to the shear band formation in the amorphous phase. Experimental obser-
vations confirm that shear banding occurs in nanopolycrystalline materials [7], [8]. In addition
to dislocation movement and shear banding, diffusional creep is a very important deformation
process. Experimental observations reveal the enhanced atomic diffusion in nanocrystalline
materials [9]. In this paper, we will not incorporate the diffusional creep deformation into our
consideration. Interested readers are referred to the recent paper by Kim et al. [3].

In the current investigation, nanocrystalline materials are modeled as composites with
nanoscale single crystals serving as the inclusion phase, while the amorphous interfacial phase is
treated as the surrounding matrix phase. The matrix has a lower elastic modulus than that of
the inclusions. Based on the deformation mechanism and the internal variable constitutive
theory, in our study, the relation between the yield stress and grain sizes is predicted. It is found
that for large grain materials the classical Hall-Petch relation is valid. For small grain materials,
the yield stress is predicted to be constant if the elastic moduli of the crystalline phase and the
amorphous phase are assumed to be the same, or it decreases with decreasing grain size if the
elastic moduli of the two phases are different. Furthermore, a general form of incremental
stress-strain relation is derived according to the deformation mechanism. The theory reveals the
kinematic hardening behavior of nanocrystalline metals.

2 Microstructural characteristics and deformation mechanism
of nanocrystalline materials

Many experimental techniques, such as TEM, HERM and X-ray analysis have provided
evidence for the presence of “spread” grain boundary structures in nanocrystalline materials
[10]. The intercrystalline volume fraction increases from about 0.3% at grain sizes > 100 nm to
greater than 50% at grain sizes of less than 5 nm. TEM has shown that many nanocrystalline
materials are essentially equiaxed. If we further assume the grain is spherical with a uniform
diameter d, and the grain boundary thickness is a constant J, the total inter-crystalline volume
fraction is approximately given by

U =1 — (dT_(S>S (1)

Figure 1 shows the calculated volume fraction vy of the crystallite phase (v =1 —v,,) as a
function of the grain size by applying a boundary thickness of 1 nm [11], [12]. The total



Nonlinear microstructural constitutive equation of nanocrystalline metals 209

1
09}
0.8}
0.7}
0.6}
05}
04}
03}
02}
0.1

Volume fraction of crystalites

10° 10' o 10° 10’ Fig. 1. The volume fraction of crystal-
Grain size (nm) lites as a function of grain size

intercrystalline component is shown to be consistent with previous suggestions [13]. The
interfacial region is believed to be composed of amorphous material. In general, the elastic
modulus of the amorphous phase E,,, is approximately 60-75% of that of the corresponding
equilibrium crystalline alloy. There are evidences showing that the elastic modulus reduction of
nanocrystalline material is due to the existence of the voids [8]. As we mentioned above, if the
diffusion creep in nanocrystalline materials is neglected, there are two main deformation
mechanisms dominating the plastic process. For those nanocrystalline materials with com-
paratively large grains, say, the grain size is larger than a few tens of nanometer, dislocations
are generated at grain boundary ledges, and the material deforms plastically due to the dis-
location pile-ups and movement. Since for such materials the grains are still much smaller than
those in the conventional polycrystalline materials, the complex grain boundary structures will
dominate the dislocation generation and movement. For those nanocrystalline materials with
smaller grains, the dislocation activity is usually suppressed. The main plastic deformation
mechanism is the shear band formation in the amorphous interfacial phase. Phenomenologi-
cally the stress-strain relation for amorphous materials approaches ideal plastic behavior. And
in such case, the crystallites, playing the role of strengthening inclusion, will restrict the for-
mation of the shear bands. In what follows, the general constitutive equation is derived by
considering the two deformation mechanisms.

3 Internal variable constitutive theory

In a nonlinear deformation process, the thermodynamic state of a material element at a given
time is not only a function of the instantaneous value of the strain ¢;, but also depends upon
the previous history of ¢;. The investigation on the thermodynamic state can be dealt with in
various manners. One effective method is “internal variable theory” [14], [15]. To completely
define a thermodynamic state of a material, one needs to introduce some internal variables that
describe the microstructural change of the material during loading, besides identifying the
instantaneous strain. In such way, the dependence of the material response on loading history
can be replaced by the dependence on what it has produced. Namely, the current pattern of
structural arrangement on the microscale of the material element is represented by the current
values of internal variables. When the internal variables are fixed, the response of the material
depends only on the instantaneous value of the strain. However, the values of the internal
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variables depend on the loading history. The internal variable theory is based on the funda-
mental principle of thermodynamics. In its framework, one cannot only establish the relation
between the stress and strain, but also derive the evolution equation of the microstructures
based on the energy equilibrium concept. Consider a unit volume element of the material, its
state variables are denoted as the strain tensor e;, absolute temperature 7" and a group of
internal variables ¥;;. In other words, the variables ¢;;, ¥;; and 7' can give a complete description
for the state of the system. The first fundamental law of thermodynamics can be expressed in
the following form:
aw =dU —dQ, 2)
where U is the internal energy of the system, dW is the elementary work done on the system and
dQ is the heat supply to the system.

The second fundamental law of thermodynamics states that there exists a state function
S(n;j, 9k, T), called entropy, such that

7dS > d@. (3)
If (3) holds with the equality sign, the process is reversible, otherwise it is irreversible. The
entropy can be written in the following form:

ds =d"s +d"s, (4)
where
ds = ? (5)

is the reversible increment of S, called the entropy supply from outside, whereas
d9s8 >0 (6)

is the irreversible increment, referred to the entropy production inside the system. The com-
bination of (2), (3) and (4) leads to

AW =dU —dQ = dU — Td")S = dU — TdS + Td"")S . (7)

If the applied stress field on the material element is denoted as ¢, the elementary work done on
the system can be written as

aw = O'/L']'dsij. (8)
On account of the fact that U and S are state functions, Eq. (8) can be replaced by the relation
ou os ou os ou oS ;

jdey = (7— — T——)dej; + (50— — T=—)dVy; + (5 — T==)dT + TdDS . 9
oyde; = ( e, 88@7) &+ ( 995 319@') 5+ ( T BT) + 9)
For the pure heating case, (9) is reduced to

ou as -

= _r= g —
<8T T8T>dT+Td S=0. (10)

The second term in (10) is nonnegative according to (6). At the same time the quantity inside
the parentheses of (10) is a state function and hence is independent of d7'. Since (10) must hold
for both positive and negative values of d7', we have

Uy 08 _
oT oT
It is noted that the above result is generally valid and independent of the choice of process even
though we have obtained it by considering a special process. Equation (9) can be simplified if
we introduce another state function, the free energy of the system defined by

0. (11)
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E=U-TS. (12)
Then Eq. (9) is rewritten as
= 02 ;
jde; = — dey + ——ddy; + TdYS. 13
0jA&jj ey & + 89, iy (13)

As mentioned by Ziegler [15], the term Td(®S has the form of elementary work, and can be
expressed in the following form:

Td"S = Ayde;; + Byddy; . (14)
Substitution of Eq. (14) into Eq. (13) gives
0= 0=

yde; = | =— + Ay |deg; — + By |dvy; . 15
ojjde (3827- + U) &5 + (&%j + z/> ij (15)
Since ¢;, ¥ are independent state variables, the above equation implies

0=

0=
—+B;=0. 17
9y Y (17)

In fact, Eq. (16) is the constitutive relation of the material, and Eq. (17) can be used to
determine the values of the internal variables.
We now rewrite Eq. (14) by replacing the differentials by time derivatives as follows:

© = Ayéy + Bydy (18)
where @ is the dissipation function which is the rate of work done by the dissipation forces.
Equation (18) cannot determine the dissipation force, neither the tensors A;; and By, even if the
dissipation function is obtained. Instead, Eq. (18) determines their magnitude once the direc-
tion, i.e., the ratio of the components, is known. To determine the tensors A; and B;;, we
introduce the following orthogonality condition: the dissipation force corresponding to the
velocity &; or ¥y is orthogonal to the dissipation surface ® = ®; at the end point. Therefore we
obtain

oD
Ay =M EE
bij 19)
o0 (
B” = )»,2 —
0V
where A;, Ao are proportional factors determined with the aid of (18), given by
oo\
M==é ) @
: (3% 8”) ’
(20)

-1
Jo = 8—?‘)19@- o.
oy

It is worth to note that as discussed by Ziegler [15], the orthogonality condition is equivalent to
the principle of maximal dissipation rate.

4 Dislocation-dominated deformation mechanism for nanocrystalline materials
with comparatively large grain size

In this part, we will establish the constitutive equation of the nanocrystalline materials
governed by the deformation mechanism of intragrain dislocation movement. The material can
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be treated as a composite system whose inclusions have plastic deformation due to dislocation
motion, and whose amorphous matrix deforms elastically only with a lower elastic modulus
than that of the inclusions. The deformation of the crystallite is assumed to follow the elastic
and non-hardening plastic Mises yielding criterion. By considering the hardening effect of the
grain boundary, the yield stress is expressed as a decreasing function of grain size according to
the Hall-Petch relation as

Ji(o%) = V2 = (ay @1

) =0,
\/‘
where d is the grain diameter, and o,, k, are temperature-dependent material constants.
Jo(=1si5;) is the second principle invariant of the stress deviator with

Sij = 0y — O'méij. (22)

Consider a unit volume of a nanocrystalline material, in which the spherical crystallites with the
plastic strain E‘Z are distributed in the amorphous matrix. In this part the plastic strains are
denoted as the internal variables. If 8707 is denoted as the strain field created by the applied
traction in the absence of the plastic strain, according to Colonnetti’s theorem [16], the strain
energy for the case when s and 8p coexist is the sum of those elastic energies for the cases when
the applied load and the plastlc strain exist alone, respectively. Therefore, if the element is
subjected to an applied surface traction without any plastic deformation, the elastic strain
energy becomes

1 ! !
L= 5/ (03 + 0) (e + &), 23)

D

[1]

where s is the applied external strain, o 1s the corresponding stress field if the inclusions have
the same elastic modulus as the matrix; an 7.9” are the perturbations of stress and strain fields
induced by the existences of the crystallites. Use u; denoting the perturbation of the dis-

placement field, on the boundary of the element,

u,=0, on S. (24)
Therefore,
/ (agj + a;j)s;jdv = // (a% + U;j)nju;d/v — / (o% + ng)ju;dv =0,
D S D
/ ol v = / Coahy — ) endv = — / apesdu, (25)
D D D

where ¢&j; is the fictitious eigenstrain introduced in the equivalent inclusion method [16]. Sub-
stltutlon of Eq. (25) into Eq. (23) yields

1 1 ;
L 5/ Ty — Z/U%Szjd” = 5 (o5ey — vroyey), (26)

D D

(1]

where vy is the volume fraction of the crystallite phase. One can notice that the sign of the last
term in Eq. (26) is different from Mura’s result. This is because we assume that the given term is
the strain field s instead of the stress field a . The fictitious eigenstrain ¢;; can be determined by
using the Mori and Tanaka method [17] to con51der the interaction among the inclusions, which
is shown in Appendix 1 in detail. For isotropic, spherical crystallites, one can express the energy
in the form of
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— 1 17 7
2= 5(2HE%;'/<1 + )"Ez?jkl)g%g’gl ’ -

1
Bl = 5(571}65]'1 +8adj), E% = 045

p=p—vpuly,

J= 2 —vp(AT1 +2uly + 3Ts) |
Iy =2 — /o, (28)
Iy = (4 = A)/or = 202 (1" — ) /[01(01 + 3w)] = 3(4" — Awz/[w1 (w1 + 3ws)]

w1 =21 —vp)(u— p1*)S1 — 2u,
wp =2(1 —vp)(p— w)S2 + (1 —vp)S1(A — 2 +3(1 - vr) (4 — 2)Se — 4,

S1=2(4-57)/[16(1 =p)], S2=(6y—1)/[156(1 =y)],

in which u, A, p*, A" are Lamé constants of the amorphous matrix and crystallites, respectively,
y is and Poisson’s ratio of the matrix. As mentioned above, under isothermal conditions, the
state variables are the total strain tensor ¢; and the internal variables &; for our system.
Therefore we need to express the elastic energy as a function of the total strain and the plastic
strain. The total strain of the material element can be expressed in the form of

& = 8% + SZ, (29)

where agj is the applied elastic strain without any plastic deformation, 82 is the volume average
strain created by the plastic deformation inside the crystallites. If the crystallites have the same
elastic modulus as the matrix, 5‘2 = ?stf]-. Since the elastic modulus of the crystallite phase is
different from that of the amorphous matrix, we can adapt the Mori-Tanaka method to
determine the volume average of the plastic strain as (Appendix 2)

ey = VDl (30)
where

Dyjiy = DIE%]‘}C[ + Dy E%-m )
Dy =2y /By,
Dy = J* /By — 2u*Bs/[B1(B1 + 3B2)] — 34*Bs/[B1(B; + 3B2)] , (31)
By =2[" + (1 =) (" — p)(S1 = 1)],
By = 2"+ (1 —vp)[285 (1 — p) + (S1 — 1)(A" — 4) +3S2 (2" = 2)] ,

in which all the symbols are the same as in Eq. (28).
Now we consider the other part of the elastic energy produced by the plastic deformation in
the crystallites:
1
= —/ J’ij(gij — SZH[ZQk])dU s (32)

2
D

[1]
(W)

with
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1 xeXQ,
H[ZQ,] = { 0 ¢ ZQi (33)

where X0 is the region occupied by the crystallite phase. Since the traction on the boundary of
the element is absent, we have

/ o4E5AV = / / onuds — / o uidv =0 . (34)
d s D

Equation (32) is thus rewritten as

- 1 1
Ep=—5% / oAV = — 5 Ur oy (36)

Q

where oy is the stress field in the crystallite induced by the plastic deformation. By using Mori-
Tanaka average field method, the stress field inside the crystallite is derived as (Appendix 2)
aij = Gyriey (36)
where
G =GB}y +GoEy

G1=2(1—UJ’),M(S1—1)D1, (37)

Go= (1 7?)f){2D2,u(Sl - 1)+D1 [2#32 +2(Sl - 1) +3iSz] +3Ds, [2#32 +)»(Sl - 1) +3j.82]} s
in which all the symbols have the same meaning given in Egs. (28) and (31). By taking the sum

of Egs. (27) and (35) and substituting the corresponding quantities, one can write the total
elastic energy of the system as

(1]

- - 1, - 1
=Ei1+E =3 @By, + 2B (e — 0rDijumehy,) (61 — OrDiimnih,,,) — 3

Since the crystallites undergo the plastic deformation which induces energy dissipation, the

energy dissipation rate in unit volume can be expressed in the form of

O = UfO'(fép (39)

Yoy o

vrGinegiey - (38)

where of; is the resistance tensor of the plastic deformation and satisfies the yielding condition
(21), and PIZ is the rate of the plastic deformation. One should bear in mind that only under the
loading condition beyond the yielding point the energy dissipation rate is not zero. Under the
unloading condition or in the stage of elastic deformation, s‘;’; =0.

Substituting the energy Eq. (38) into Eq. (16), and noticing A;; = 0 for the dissipation
potential given by Eq. (39), one can derive the constitutive equation as

Oij = (ZI:LE%M + ZE%;‘/«[)(SM — 0Dy ey, (40)

mn

or in rate form as
61 = Cyja(éx = OrDiamntly,) = CRE g + A (é — 0Diamnéhy,) - (41)

The change rate of plastic deformation can be determined through the evolution Eq. (17) as
gch = Dij’mnawm + Gij,,,msfm s (42)
where a,,, is the applied stress determined by Eq. (40). Substitution of Eq. (42) into the yielding
condition of the crystallite, Eq. (21), gives the loading surface of the composite material. As
expected, it is seen that the material behaves as a kinematic hardening material [18]. If sf; =0,
combination of Eqgs. (21) and (42) gives the initial yield surface of the material. Using the
loading surface, the criterion for loading can be written in the form
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M
8077
Further by substituting Eq. (40) into Eq. (42), then into Eq. (21), and taking the derivative with
respect to time, one can obtain

N
a c

Ji(aj;) =0, <0 > 0. (43)

. _ s "D _
{DZ]/C/C/CZT/HZSWIW + [Gumn UfDZ]/C/CkZU/fDD(ﬁWIW}S 7,} 0. (44)

By using the Prandtl-Reuss [19] material model, the rate of the plastic deformation can be
written as

: . Oh
& =) —. 45
mn a()_(‘wz/n ( )
Substituting Eq. (45) into Eq. (44) and solving for A, we have

91 /005D Corctmm

)1/ 065D i C A (46)

afl/ao' [Uwaleklac/JDoc/ﬁmw - G?ymn]afl /8 Ty

Substituting Eq. (46) into Eq. (45), then into Eq. (41), one obtains the incremental stress-strain
relation as

Uf'Dm‘rz,oc/i bafi ) i

4
8a;ﬁAM ( 7)

6ij = Cléi = Cimn (Eimm
It is worth to note that the incremental stress-strain relation given in Eq. (47) is the most
convenient form for it to be implemented into a FEM code.

5 Deformation mechanism by shear banding in amorphous interfacial phases
for nanocrystalline materials with smallsize grain

The amorphous interfacial phase in nanocrystalline metals behaves as metallic glasses. In fact,
the typical deformation mechanism for metal glasses is shear band formation. Due to this
deformation mechanism, the tension behavior of the materials is quite different to the com-
pression behavior although they can be described as elastic-perfectly plastic materials. Research
activities related to metallic glasses have been greatly enhanced recently. Donovan [20] studied
plastic deformation of a Pd-Ni-P glass and concluded that the onset of yielding was best
described by the Mohr-Coulomb law in which the normal stress on a particular plane affects the
critical shear stress at which yielding begins to occur. According to this law, the shear stress t
for yielding is given by

Sfo=1— ('C,y —a0y,) =0, (48)

where 7, is the yield stress in pure shear and o), is the normal tensile stress acting on the active
slip plane, o is another material constant.

In this paper, we assume that the amorphous interfacial phase can be described as elastic-
perfectly plastic material, and the yielding is described by the Mohr-Coulomb law given in Eq.
(48). In such case, the crystallite phase deforms elastically. Therefore we will restrict plastic
deformation to that of the amorphous matrix, as the strengthening second phase in dispersion
hardening alloys. Under a given loading history, for simplicity, the plastic deformation 8p
the uniform amorphous matrix without any elastic crystallite phase is assumed to be umform
Since uniform plastic strain over the entire body does not produce internal stress, the internal
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stress and the elastic energy induced by the prescribed plastic deformation in the matrix are
calculated by considering the situation, where

ey =0 in the matrix,

&y = —&,  in the crystallites.

The elastic energy given by Egs. (27) and (35) is still the same, but the overall plastic strain
becomes

ey =& — VDyael]" = (Bja — veDia) el - (49)
Substituting Eq. (49) into Eq. (29), then into Eq. (27) and (35), one obtains the total elastic

energy

_ = 1. -
E=Ei+E =5 @REL, + 2E%) e — (B — 0Dijmn) el lext — B, — Dkimn )]

1
- ivszjmﬂg-mﬂﬂn . (50)
The energy dissipation rate in unit volume can be expressed in the form

® = (1—vy)o"d" (51)

where o7} is the resistance force of the plastic deformation and satisfies the yielding condition
(48). In the same manner as deriving Eq. (41), we can derive the stress-strain rate relation as

&5 = Cialért — (B, — VrDiimn )]

= (2laE}ﬂcl + ZE%]I{Z)[FM - (Ellflmn - Ukalm”)éfrZﬁ] : (52)
The change rate of the plastic deformation can be determined through the evolution Eq. (17) as
o' = [(E71_7W]71 = UtDijmn ) Omn + O Gijmn&yy, /(1 — v5) (53)

Substitution of Eq. (53) into the yielding condition of the crystallite, Eq. (48), gives the loading
surface of the composite material. It can be seen that the material also behaves as a kinematic
hardening material.

In the same way as deriving Eq. (47), one can obtain the final stress-strain rate relation under
the loading condition as

(E 1171,77,0(/)’ — D mnof )af 2.,

o = O i = Comm B — y
05 ikl €kl zjmn[ mmkl 80’27;7’ A;,C,; }8161 s ( )
with

Amn — 3f2/602}m (E}]kl - UfDijkl)Cklmn (55)

af/ 602{}"[@%;‘1@ — 0Dijia) Crio (Ei[}mn — VD) = VyGijmn)fe /Do,

6 Comparison between the theoretical prediction and experiments
6.1 Effective elastic modulus

It is generally believed that the elastic moduli of nanocrystalline materials are lower than those
of their coarse-grain counterparts due to the low density of the amorphous interfacial phase.
Recently, nanocrystalline materials were fabricated by controlled annealing of amorphous
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alloys between the glass transition temperature and the crystallization temperature [21], [22]. In
the current study, we use the data of bulk Zrs3T%sNi10Cus0Al2 alloy obtained by Fan et al. [21]
to verify our elastic modulus prediction. The elastic constants of the amorphous matrix and
nanoparticles can be taken as

u=34.23 GPa, /.=5135GPa, u*=455GPa, 1" =66 GPa,

respectively. The elastic moduli tensor obtained by this model is given by

Cint = 2AE g + A E Gy, (56)
where the effective Lamé constants 4, fi of the nanocrystalline material are given by Eq. (28)
explicitly. After determining X, fi, one can obtain the effective Young’s modulus for the
composite system. The Young’s modulus versus the volume fraction of the nanoparticles is
plotted in Fig. 2. Since the elastic mismatch between the two phase materials is small, the
effective modulus of the composite system almost increases linearly with the volume fraction of
the inclusions as shown in Fig. 2, in which the experimental data of Fan et al. [21] for Young’s
modulus were also given.

6.2 Dependence of yield stress on the grain size

The relation between yield stress and grain size has been the subject of intensive research in
recent years due to the complex behavior observed in nanophase materials. Most of the results
obtained confirm the validity of the classical Hall-Petch relation down to grain sizes of the
order of a few tens of nanometers [8]. When the grain size is further reduced below this value,
the results obtained are controversial. Many experimental results indicate a yield stress inde-
pendent of the grain size, or even reverse H-P relation, i.e., the yield stress will decrease with
decreasing grain size. According to the work of Sanders et al. [8], the reduction in elastic
modulus is mainly due to the porosity of the samples of the nanocrystalline materials. For high
density and high-purity nanocrystalline materials, only small decrements from coarse-grained
values observed in the Young’s modulus are caused primarily by the slight amount of porosity
in the samples. In this part, we derive the relation between the yield stress and the grain size by
assuming the two phases of the material have the same elastic modulus. For homogenous
material, the stresses both inside the inclusion and in the matrix are uniform if plastic defor-
mation has not occurred. When the size of the grain becomes smaller, the shear banding
deformation mechanism dominates. The uniaxial yield stress is constant and determined by
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Eqgs. (48) and (53). For materials exhibiting little work hardening, the ratio of the Vickers
microhardness to the yield strength is =~ 3 [23]. According to the hardness measurements on
over 30 nanocrystalline Cu samples with a grain size ranging from < 10 nm to > 100 nm, the
corresponding yield strength was in general agreement with the coaser-grained Hall-Petch
relationship down to a grain size of ~16 nm, at this point the yield strength leveled off and
approached a constant value [30]. Based on the above two deformation models, the theory
predicts exactly such a trend. The yield stress as a function of the grain size is shown in Fig. 3.

7 Conclusions

In this paper, based on the microstructural characteristics and the two deformation mechanisms,
dislocation movement inside the crystallite and shear banding in the amorphous matrix of
nanocrystalline metals, a general form of constitutive model for nanocrystalline materials was
developed. The material was modeled as a composite system with one phase being able to undergo
plastic deformation. An energy approach was adopted to derive the hardening rule and the
incremental stress-strain relation of nanocrystalline materials. Recently, due to the pioneer works
by Fleck and Hutchinson [25], Hutchinson [26], Gao et al. [27], Huang et al. [28], etc, the theory of
strain gradient plasticity became a very active research direction. In the current study, we
emphasize that only the microstructures of the material are in nanoscale, whereas the wavelength
of the overall deformation is much larger than the size of the microstructures. Therefore we do not
need to incorporate the formulation of strain gradient plasticity. The constitutive equations
obtained can be easily implemented into a FEM code when there is a need for numerical simu-
lation of nanocrystalline materials and structures.

Appendix 1

Determination of the fictitious eigenstrain &j;

Consider that in an elastic matrix there is a random distribution of inclusions. The elastic
moduli tensors of the matrix and inclusions are Cyjp;, Cjy,, respectively. The composite element
is subjected to an external applied strain field 8?] Under such condition, we assume that the
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average strain field in the matrix is sﬁ‘f . To incorporate the interaction effect of the inclusions, we
further assume that every single inclusion is subjected to the strain field CZI ,
According to the equivalent inclusion principle [16], [29], the stress field inside an inclusion can
be expressed in the following form:

C:}kl(g% + &) = Ca(ehy + &y — ) (A1)

instead of s?]

which defines the fictitious eigenstrain &f;, and ¢, is the perturbation of strain field due to the
existence of the inclusion, and is given by

8;{[ = Sklmnsjrmv (AZ)
where Sk, 1s Eshelby’s tensor.

Since the volume average of the strain field should be equal to the applied strain field, one can
write

vp(ey +ey) + (1 —vp)ey =& . (A3)
From the above three equations, one can derive
;= Tyt » (A4)
where
* -1 sk
i = [C+ (1 = v7)(C" = C)S]},,,,(Crr — Crunit) - (A5)
For isotropic material, we have
* * 7l * 72
Cli = 20 By + 27 By (A6)
Ciwt = 20 Ejy + AEG,
where u, A, u*, 2" are Lamé constants of the matrix and inclusions, respectively, and
1
Ejyy = 5 (i1 + ) Egy = 30 - (A7)

For spherical inclusion, Eshelby’s tensor can be expressed in the form
Sij}cl =5 Egjkl + S5 E?JM R (AS)

where S; =2(4 — 5y)/[156(1 —y)], S2=(5y—1)/[15(1 — )], and y is Poisson’s ratio of the
matrix. By introducing the tensors £}, EZ,,, we can simplify our analysis. Since

Ezljkl 'Ellclmn = Egjmn’ E’}jkl 'E%lwm = E?jmn? E?jkl 'EI%l’mn = SE%jmn )
1 b (A.9)
1 2 2 _ gl
(aEijlcl + bEijkl) : {a’Ellclmn - [a(a n 3b)] Eklmn} - Eijmn )
substituting Egs. (A.6), (A.7) into Eq. (A.5), and using Eq. (A.9), we obtain
e = (D1 By + Do By ey (A.10)

where

Iy =2(u" — /o,

Iy = (A" = A) /w1 — 209 (1" — p)/[w1 (w1 + Bws)] — 3(A" — Vws/[w1 (w1 + 3ws)] ,
op =21 —vs)(u—u")S1 — 2p,

o = 21— vp) (st — 1)S3 + (1= 0)S1(2 — 2°) +3(1 = v) (2 — )5 — 4.

(A.11)
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In essence, the assumption taken in this part is the same as Mori-Tanaka theory for random
distribution of the inclusions.

Appendix 2

Determination of the overall strain and the stress inside
an inclusion created by the plastic deformation

In the amorphous matrix, the problem now becomes that there is a random distribution of
inclusions with a plastic strain e . The applied stress field on the material element is absent in
this case. We need to derive the volume average strain and the stress field inside a single
inclusion due to the plastic deformation. According to the equivalent inclusion principle, we
have

CZkl(E% + Sklmn mn ‘(‘Jlfl) = ijkl((‘;% + Sklmns;:rz - 8;;) (A 12)
where &/ = &, + ¢}, is the total eigenstrain due to the plastic deformation and the elastic

modulus mlsmatch. Since the applied stress is absent, the volume average of the stress field is
zero, therefore

h’L?LLj (SM + SZJkZSk[ — Lj ) + (1 — vf)Cmm-j% =0. (A13)

From Eqgs. (A.12) and (A.13), one can obtain the total eigenstrain &} as
‘Ot]* = [C * +(1 - /Uf)(C C) (S El)]?jklcltlmn “mn )
& = —vr (S — Ej)ery - (A.14)
The stress field inside a single inclusion can be obtained in the form
0ij = Cljkl(gkl +Sklmn mn b}t;) = G’ijlbﬁl ) (A’15)
and for isotropic material and spherical inclusion
Gy = G1 Eylj;d + Gy E?M ,

G1 = 2(1 — Df),u(Sl — I)Dl 5

Gg = (1 — Uf){ZDg‘u(Sl - 1) +D1 [2/13’2 + /L(Sl — 1) + 3/152]

+ 3D2[2,MSZ + i(Sl — 1) + 3)»52]} R

with
D17 = zlu*/Bl )

Dy = A"/By — 2u"Ba/[B1(B1 + 3B2)] — 32*Bs /[B1(B1 + 3B2)] ,

B =2[ + (1 —v) (W = w)(S1 - 1],

By = A"+ (1 = up)[28a (1" — p) + (S1 = 1)(4" = 4) + 352 (4" — 4)] . (A.16)
The volume average of the strain field can be written in the form
gD 1 1 —1 *k

u = ) v =7 | (Chuon+ej)dv. (A-17)

D D
Since f adv = ff ouxpuds — [ oy px;dv = 0, one obtains
D

= @fDstgl , (A.18)
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where

Dy =D1E}, + Dy B, (A.19)
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